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SPARK COMPLEXES ON GOOD EFFECTIVE ORBIFOLD ATLASES
CATEGORICALLY
CHENG-YONG DU, LILI SHEN AND XIAOJUAN ZHAO
Abstract. Good atlases are defined for effective orbifolds, and a spark complex is
constructed on each good atlas. It is proved that this process is 2-functorial with com-
patible systems playing as morphisms between good atlases, and that the spark character
2-functor factors through this 2-functor.
1. Introduction
Spark complexes, which unify several approaches to differential characters as considered
in [11, 13, 15], were introduced by Harvey and Lawson [14] as an algebraic description
of secondary geometric invariants of smooth manifolds initiated by Cheeger and Simons
[6]. Explicitly, on a smooth manifold X several spark complexes can be constructed,
e.g., de Rham–Federer spark complexes and Cheeger–Simons spark complexes; the asso-
ciated graded abelian groups of spark characters of these spark complexes, now known as
that of Harvey–Lawson characters and denoted by Ĥ∗(X), are isomorphic to each other.
Moreover, Ĥ∗(X) is a commutative graded ring that is isomorphic to the ring H∗CS(X)
of Cheeger–Simons differential characters on X [6] and the smooth Deligne–Beilinson
cohomology
⊕
qH
q
D(X,Z(q)
∞) of X [12].
The aim of this paper is to investigate spark complexes on orbifolds, a generalization
of manifolds, from the viewpoint of category theory. More precisely, our purpose is to
find an approach to construct spark complexes on orbifolds, so that the functoriality of
this process can be established.
Orbifolds have been studied mainly from two perspectives, one of which is through
the language of orbifold charts and orbifold atlases as in Satake’s first paper [25] that
introduced orbifolds under the name “V -manifolds”, and the other is through orbifold
groupoids (i.e., proper e´tale Lie groupoids) as first discovered by Moerdijk and Pronk
[21]; we refer to [1, 20] for an overview of the theory of orbifolds. During recent years,
secondary geometric invariants of orbifolds have been investigated through proper e´tale
Lie groupoids by several authors; see, e.g., [10, 17, 18]. As for the approach of orbifold
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atlases, Du and Zhao constructed in [9] a spark complex on an effective orbifold equipped
with a good atlas generated from a good triangulation (see [22, Subsection 1.2]), which is
the motivation of this paper and will be referred to in the appendix (see Eq. (A.i)).
Although the construction of the spark complex (A.i) is feasible for any effective
orbifold, it is far from establishing the functoriality. The reasons are: first, it is difficult to
find appropriate morphisms between orbifolds; second, the spark complex (A.i) does not
interact well with embeddings in the corresponding good atlas of the orbifold. Therefore,
in order to achieve our goal, inspired by Tommasini’s works [27, 28] we consider orbifold
atlases instead of orbifolds (i.e., equivalence classes of orbifold atlases) as objects in the
source category, so that compatible systems can be employed as their morphisms.
More specifically, we axiomatize good atlases generated from Moerdijk and Pronk’s
good triangulation (Definition 2.5) and consider the 2-category
GOrbAtl
with good effective orbifold atlases as objects, compatible systems as 1-cells and their
natural transformations as 2-cells (Proposition 2.10), upon which spark complexes can
always be constructed. Then, for every good atlas U we construct a new spark complex
SU (Theorem 4.3), and it is proved that this process gives rise to a 2-functor
S : GOrbAtlop // SpCx
into the 2-category of spark complexes, spark homomorphisms and spark homotopy classes
(Theorem 6.4), whose proof is the most challenging one in this paper.
Furthermore, the associated group Ĥ
∗
(U) of spark characters of the spark complex SU
is also 2-functorial as
Ĥ : GOrbAtlop //AbZ,
whereAbZ is the category of graded abelian groups and their homomorphisms (considered
as a 2-category with trivial 2-cells), and the spark character 2-functor Ĥ factors through
S (Theorem 7.1).
This paper is a first step towards the functoriality of spark complexes on orbifolds,
and many things remain to be discovered. We leave here two questions that could be
taken into consideration in future works:
(1) As atlases for ineffective orbifolds have been postulated by Pronk, Scull and Tom-
masini [24], is it possible to define good atlases and establish the 2-functor S :
GOrbAtlop // SpCx for ineffective orbifolds?
(2) In the context of manifolds, Simons and Sullivan proved that there is only one spark
character functor making the Character Diagram commutative [26]. Is it possible to
deduce similar uniqueness for our spark character 2-functor Ĥ : GOrbAtlop //AbZ?
We thank the anonymous referee for several helpful remarks.
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2. The 2-category of good effective orbifold atlases
Throughout this paper, let X, Y, Z denote paracompact, second countable and Hausdorff
spaces. For a connected open subset U ⊆ X , an effective (also reduced) orbifold chart
(also uniformizing system) of dimension n over U consists of
(1) a connected open subset U˜ ⊆ Rn,
(2) a finite subgroup G < Diff(U˜) of smooth automorphisms of U˜ which acts on U˜
effectively,
(3) a continuous, surjective and G-invariant map π : U˜ // U which induces a homeo-
morphism between U˜/G (equipped with the quotient topology) and U .
For simplicity, in what follows, we refer to effective orbifold charts just as charts. U is
called a uniformized set if it is equipped with a chart (U˜ , G, π).
2.1. Remark. To facilitate our discussion, we do not exclude the case of U˜ = ∅ which,
together with the trivial group and the empty map, defines a chart over U = ∅.
For open subsets U ⊆ V ⊆ X , an embedding λ : (U˜ , G, π) // (V˜ , H, τ) of charts is a
smooth embedding λ : U˜ // V˜ that is a lifting of the inclusion U 

// V , i.e., such that
the square
U V

//
U˜
pi

V˜
λ //
τ

is commutative.
2.2. Remark. If λ, λ′ : (U˜ , G, π) // (V˜ , H, τ) are both embeddings, the effectiveness of
the group actions guarantees the existence of a unique h ∈ H with λ = h ◦ λ′ (see [21,
Proposition A.1]); hence, an embedding λ : (U˜ , G, π) // (V˜ , H, τ) induces an injective
group homomorphism, also denoted by λ : G //H .
Given a chart (U˜ , G, π), a connected open subset V ⊆ U = π(U˜) is uniformized by
taking a connected component V˜ of π−1(V ) and considering the group H = {g ∈ G |
g(V˜ ) ⊆ V˜ }; then,
(V˜ , H, π|V˜ ) (2.i)
becomes a chart over V .1 For each x ∈ U and x˜ ∈ π−1(x), the subgroup
Gx := {g ∈ G | g · x˜ = x˜}
is called the isotropy subgroup (also stabilizer subgroup) at x, which is uniquely determined
up to conjugacy in G.
1H acts on V˜ effectively whenever V˜ 6= ∅; in the case that V˜ = ∅, one has to generate an effective
action on V˜ from H(= G), which is precisely the trivial group.
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2.3. Definition. [1, 25] An n-dimensional effective orbifold atlas on X is a family U =
{(U˜i, Gi, πi) | i ∈ I} of charts of dimension n on X , such that
(1) {Ui = πi(U˜i) | i ∈ I} covers X , and
(2) for each x ∈ Ui ∩ Uj , there exists (U˜k, Gk, πk) ∈ U with x ∈ Uk ⊆ Ui ∩ Uj and
embeddings
(U˜i, Gi, πi) oo
λki (U˜k, Gk, πk)
λkj
// (U˜j, Gj, πj).
All orbifold atlases considered in this paper are n-dimensional and effective, and thus
we will just refer to them as atlases if no confusion arises. It is easy to observe the
following important fact:
2.4. Proposition. [27] An atlas U is a small category with its charts as objects and their
embeddings as morphisms.
For atlases U ,U ′ on X , U is called a refinement of U ′ if, for any (U˜i, Gi, πi) ∈ U , there
exists (U˜ ′i , G
′
i, π
′
i) ∈ U
′ with an embedding λ : (U˜i, Gi, πi) // (U˜
′
i , G
′
i, π
′
i). Two atlases U ,
V on X are equivalent if they have a common refinement. An equivalence class [U ] of
atlases is an orbifold structure on X , and the pair X = (X, [U ]) is called an orbifold.
The following Definition 2.5 is motivated by the results in [22, Subsection 1.2]. Ex-
plicitly, given an atlas U on X , there is a good triangulation TU of X associated to U .
Since the isotopy group in the interior of a simplex in TU is constant, which is a subgroup
of the isotopy group of a vertex in TU , a “good atlas” V refining U can be constructed
as follows: Let VTU denote the set of vertices in TU , which can be assumed to be count-
able since X is second countable. Then, for a (p + 1)-tuple J = (j0, . . . , jp) in VTU ,
one may consider the unique simplex in TU with vertices exactly being (j0, . . . , jp) when-
ever it exists, and find its open star neighbourhood VJ , which is necessarily contractible.
Since there is a chart (U˜ , G, π) ∈ U with VJ ⊆ U = π(U˜), a chart (V˜J , HJ , πJ) over VJ
can be obtained as (2.i) with V˜J being also contractible, in which way the desired atlas
V = {(V˜J , HJ , πJ) | J = (j0, . . . , jp), j0, . . . , jp ∈ VTU , p ∈ Z≥0} is constructed.
2.5. Definition. A good atlas U = {(U˜I , GI , πI) | I ∈ Fin(VU)} on X is an atlas such
that
(1) VU is a countable set and Fin(VU) is the set of all finite subsets of VU ;
(2) {Ui = πi(U˜i) | i ∈ VU} is a locally finite open cover of X , where (U˜i, Gi, πi) :=
(U˜{i}, G{i}, π{i});
(3) each U˜I (I ∈ Fin(VU)) is contractible whenever it is non-empty, and so is UI =
πI(U˜I);
(4) UI = UI0 ∩ UI1 ∩ · · · ∩ UIp (p ≥ 0) if I = I0 ∪ I1 ∪ · · · ∪ Ip, and it is uniformized by
(U˜I , GI , πI) ∈ U ;
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(5) there exists an embedding λIJ : (U˜I , GI , πI) //(U˜J , GJ , πJ) in U whenever UI ⊆ UJ .
For a good atlas U on X , it is easily seen that there exist embeddings
λIJ : (U˜I , GI , πI) // (U˜J , GJ , πJ)
if (certainly, not only if) J ⊆ I ∈ Fin(VU), which are morphisms between charts when U
is considered as a category (see Proposition 2.4). Moreover, {Ui = πi(U˜i) | i ∈ VU} is a
good cover of X in the sense of [23, Appendix, Section 4].
Obviously, the atlases constructed from good triangulations are always good. Since
there exists a good triangulation for any atlas, an orbifold X is always equipped with a
good atlas (cf. [22, Proposition 1.2.3 and Corollary 1.2.5]). A good atlas that does not
arise from a good triangulation is presented below:
2.6. Example. Let X = [C/Za] (a ≥ 2) be the global quotient orbifold with the complex
plane C as its underlying space, where Za acts on C by rotating
2π
a
. There is a good atlas
U on X with exactly one non-empty chart
(C,Za, τ),
where τ is a homeomorphism from C/Za to C. However, U cannot be generated by any
good triangulation. Indeed, good atlases on X generated by good triangulations would
contain infinitely many charts, since every triangulation of C has infinitely many vertices
and edges.
In order to organize good atlases into a category, we now introduce compatible systems
which are taken as morphisms in Tommasini’s category Pre-Orb of effective complex
orbifold atlases (see [27]), though with a slight modification to fit into our context. We
also refer to [7, 8] for the origin of this concept.
2.7. Definition. For open subsets U ⊆ X and V ⊆ Y respectively uniformized by
(U˜ , G, π) and (V˜ , H, τ), a (local) lifting of a continuous map f : U // V is a smooth
function f˜ : U˜ // V˜ with
τ ◦ f˜ = f ◦ π. (2.ii)
U V
f
//
U˜
pi

V˜
f˜
//
τ

For good atlases U = {(U˜I , GI , πI) | I ∈ Fin(VU)} and V = {(V˜K , HK, τK) | K ∈ Fin(VV)}
respectively on X and Y , a compatible system f˜ : U //V for a continuous map f : X //Y
consists of
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(1) a functor f˜ : U // V between atlases (see Proposition 2.4), whose underlying map
on objects is actually a map f˜ : Fin(VU) // Fin(VV) between index sets, such that
f(πI(U˜I)) ⊆ τf˜ I(V˜f˜ I) and f˜(I1 ∪ · · · ∪ Ip) = (f˜ I1) ∪ · · · ∪ (f˜Ip) (2.iii)
for all I, I1, . . . , Ip ∈ Fin(VU);
(2) a family {f˜I | I ∈ Fin(VU)} of liftings of f |UI : UI
//f(UI)
  //Vf˜ I from (U˜I , GI , πI)
to (V˜f˜ I , Hf˜ I , τf˜ I) satisfying
f˜J ◦ λIJ = (f˜λIJ) ◦ f˜I (2.iv)
for all embeddings λIJ : (U˜I , GI , πI) // (U˜J , GJ , πJ) in U , which can be regarded as
a lifting of the obvious identity f |UJ |UI = f |UI .
UJ Vf˜Jf |UJ
//
U˜J
piJ

V˜f˜J
f˜J
//
τ
f˜J

UI Vf˜ If |UI
//
U˜I
piI

V˜f˜ I
f˜I
//
τ
f˜I

tt f˜λIJ
❥❥❥❥❥❥❥❥❥❥❥tt
λIJ
❤❤❤❤❤❤❤❤❤❤❤❤❤❤
vv
i
I♠♠♠♠♠♠♠♠♠♠♠♠♠♠ ww
j
J♦♦♦♦♦♦♦♦♦♦♦
2.8. Remark. Comparing to the definition of compatible systems in [27], we additionally
require the map f˜ : Fin(VU) //Fin(VV) between index sets to preserve finite unions, which
is natural according to our definition of good atlases.
Since compatible systems f˜ : U // V are functors, it is possible to consider natural
transformations between them:
2.9. Definition. Let f˜ 1, f˜ 2 : U // V be compatible systems of the same continuous
map f : X // Y . A natural transformation α : f˜ 1 +3 f˜ 2 of functors becomes a natural
transformation of compatible systems if
f˜ 2I = αI ◦ f˜
1
I (2.v)
for all I ∈ Fin(VU). Explicitly, α is given by a family
{αI : (V˜f˜1I , Hf˜1I , τf˜1I)
// (V˜f˜2I , Hf˜2I , τf˜2I) | I ∈ Fin(VU)}
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of embeddings in V, such that the diagram
V˜f˜2I V˜f˜2J
f˜2λIJ
//
V˜f˜1I
αI

V˜f˜1J
f˜1λIJ
//
αJ

U˜I
f˜1
I //
f˜2
I
%%❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
U˜Joo
f˜1
J
f˜2
J
yyss
ss
ss
ss
ss
ss
ss
ss
s
is commutative for all embeddings λIJ : (U˜I , GI , πI) // (U˜J , GJ , πJ) in U .
We are now ready to present the 2-category2 of good atlases:
2.10. Proposition.With good atlases as objects, compatible systems as 1-cells and their
natural transformations as 2-cells, one obtains a 2-category
GOrbAtl.
Proof. Given compatible systems f˜ : U // V, g˜ : V //W respectively for continuous
maps f : X // Y , g : Y // Z, their composite is given by the functor g˜ ◦ f˜ : U //W
(which clearly satisfies (2.iii)) and the family
{(g˜ ◦ f˜)I := g˜f˜ I ◦ f˜I | I ∈ Fin(VU)} (2.vi)
of liftings of (g ◦ f)|UI : UI
// g ◦ f(UI)
  //Wg˜f˜ I satisfying (2.iv); indeed, the diagram
U˜J V˜f˜J
f˜J
// W˜g˜f˜J
g˜
f˜J
//
U˜I V˜f˜ I
f˜I
//
λIJ

W˜g˜f˜ Ig˜
f˜I
//
f˜λIJ

g˜f˜λIJ

(g˜◦f˜)J
33
(g˜◦f˜)I
++
is commutative for all embeddings λIJ : (U˜I , GI , πI) // (U˜J , GJ , πJ) in U , by applying
(2.iv) to f˜ and g˜. With the identity compatible system 1U for the identity map 1X :
X // X given by the identity functor on U and the identity liftings {(1˜U)I = 1U˜I :
U˜I // U˜I | I ∈ Fin(VU)}, one obviously obtains a category GOrbAtl of good atlases and
compatible systems.
Note that natural transformations of compatible systems are a special kind of natural
transformations of functors. In order to show that GOrbAtl has a 2-category structure
with 2-cells given by natural transformations of compatible systems, it suffices to prove
2The readers are assumed to be familiar with basic notions of 2-categories; see, e.g. [2, 16, 19].
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that they are closed under (vertical and horizontal) compositions of natural transforma-
tions as in the 2-category Cat of small categories, functors and natural transformations.
Given natural transformations f˜ 1 α +3 f˜ 2
β
+3 f˜ 3 : U // V of compatible systems of
the same continuous map f : X // Y , the (vertical) composition βα : f˜ 1 +3 f˜ 3 satisfies
(2.v) since the diagram
V˜f˜1I V˜f˜2IαI
//
U˜I
f˜1I

f˜2I
$$❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
V˜f˜3I
f˜3
I
&&
βI
//
is commutative for all I ∈ Fin(VU), by applying (2.v) to α and β. Hence, βα is a natural
transformation of compatible systems.
Given natural transformations α : f˜ 1 +3 f˜ 2 : U // V and β : g˜1 +3 g˜2 : V //W of
compatible systems, respectively of the continuous maps f : X //Y and g : Y //Z, the
(horizontal) composition β ◦ α : g˜1 ◦ f˜ 1 +3 g˜2 ◦ f˜ 2 satisfies (2.v) since the diagram
U˜I V˜f˜1I
f˜1
I //
V˜f˜2I
f˜2
I
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
αI

W˜g˜1f˜1I
g˜1
f˜1I
//
W˜g˜2f˜1I
g˜2
f˜1I ))❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
β
f˜1I

W˜g˜2f˜2I
g˜2
f˜2I ))❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
g˜2αI

(g˜1◦f˜1)I
((
(g˜2◦f˜2)I
00
(β◦α)I
yy
is commutative for all I ∈ Fin(VU), by applying (2.v) to α, β and (2.iv) to the embedding
αI : (V˜f˜1I , Hf˜1I , τf˜1I)
// (V˜f˜2I , Hf˜2I , τf˜2I). Hence, β ◦ α is a natural transformation of
compatible systems, completing the proof.
3. The 2-category of spark complexes
A homological spark complex [12, 14, 15], or spark complex for short, is a triple (F∗,E∗, I∗)
of cochain complexes3, such that
(1) I∗ and E∗ are both subcomplexes of F∗,
(2) Ik ∩ Ek = {0} for k > 0, Fk = Ek = Ik = {0} for k < 0, and
3All cochain complexes considered in this paper are of abelian groups and bounded below.
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(3) H∗(E∗) ∼= H∗(F∗).
A spark of degree k is an element a ∈ Fk satisfying the spark equation
da = e− r (3.i)
for some e ∈ Ek+1, r ∈ Ik+1 (which are necessarily unique, see [14, Lemma 1.2]). Sparks
a, a′ of degree k are equivalent if
a− a′ = db+ s (3.ii)
for some b ∈ Fk−1, s ∈ Ik. Given a spark a ∈ Fk, the equivalence class containing a is
denoted by [a], called a spark character (also spark class). We write Ĥk(F∗,E∗, I∗) for the
group of spark characters of degree k, and
Ĥ(F∗,E∗, I∗) =
⊕
k∈Z
Ĥk(F∗,E∗, I∗)
for the graded abelian group of all spark characters on a spark complex (F∗,E∗, I∗), where
Z is the discrete set of integers.
A spark homomorphism f : (F∗,E∗, I∗) // (F
∗
,E
∗
, I
∗
) of spark complexes is a cochain
map f : F∗ // F
∗
such that the diagram
I
∗
F
∗  // E
∗
oo ? _
I
∗
F
∗  //
f |I∗

E
∗oo ? _
f

f |E∗

is commutative or, equivalently, such that f(I∗) and f(E∗) are subcomplexes of I
∗
and E
∗
,
respectively.
Similar to the obvious way of organizing cochain complexes into a 2-category, we define
homotopies between spark homomorphisms as follows:
3.1. Definition. A spark homotopy Φ : f +3 g : (F∗,E∗, I∗) // (F
∗
,E
∗
, I
∗
) between spark
homomorphisms is a cochain homotopy Φ : f +3 g : F∗ // F
∗
which vanishes on E∗ and
restricts to a cochain homotopy Φ|I∗ : f |I∗ +3 g|I∗ : I
∗ // I
∗
; that is, a graded group
homomorphism Φ : F∗ // F
∗−1
with
d ◦ Φ + Φ ◦ d = g − f, Φ|E∗ = 0
and Φ(I∗) being a graded subgroup of I
∗−1
, where d and d are differentials on F∗ and F
∗
,
respectively. f is homotopic to g, denoted by f ∼ g, if there exists a spark homotopy
Φ : f +3 g.
Moreover, a homotopy Γ : Φ ≡⇛ Ψ between spark homotopies is precisely a homo-
topy of cochain homotopies subject to the same restrictions; hence, Γ is a graded group
homomorphism Γ : F∗ // F
∗−2
with
d ◦ Γ− Γ ◦ d = Ψ− Φ, Γ|E∗ = 0
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and Γ(I∗) being a graded subgroup of I
∗−2
. Φ is homotopic to Ψ, denoted by Φ ∼ Ψ,
if there exists a homotopy Γ : Φ ≡⇛ Ψ; the induced equivalence class, i.e., the spark
homotopy class, of a spark homotopy Φ, is denoted by [Φ].
3.2. Proposition. With spark complexes as objects, spark homomorphisms as 1-cells
and spark homotopy classes as 2-cells, one obtains a 2-category
SpCx.
Proof. Based on the structure of the 2-category of cochain complexes, the only non-
trivial part of this proof is the closedness of spark homotopy classes under (vertical and
horizontal) compositions of cochain homotopies.
Given spark homotopies f
Φ
+3 g
Ψ
+3 h : (F∗,E∗, I∗) // (F
∗
,E
∗
, I
∗
), their vertical
composition Ψ + Φ : f +3 h is clearly a spark homotopy. If Φ ∼ Φ′ and Ψ ∼ Ψ′, we find
Γ : Φ ≡⇛ Φ′ and Γ′ : Ψ ≡⇛ Ψ′, then it is easy to see that Γ + Γ′ : Ψ + Φ ≡⇛ Ψ′ +Φ′ is a
homotopy of spark homotopies, whence Φ + Ψ ∼ Φ′ +Ψ′.
Given spark homotopies Φ : f +3 g : (F∗1,E
∗
1, I
∗
1) // (F
∗
2,E
∗
2, I
∗
2) and Ψ : h +3 k :
(F∗2,E
∗
2, I
∗
2)
//(F∗3,E
∗
3, I
∗
3), the horizontal composition of the corresponding homotopy classes
[Ψ ◦ Φ] := [Ψ ◦ f + k ◦ Φ] = [Ψ ◦ g + h ◦ Φ] : h ◦ f +3 k ◦ g
is clearly a spark homotopy class. If Φ ∼ Φ′ and Ψ ∼ Ψ′, we find Γ : Φ ≡⇛ Φ′ and
Γ′ : Ψ ≡⇛ Ψ′, then it is straightforward to check that
Γ′ ◦ g + h ◦ Γ : (Ψ ◦ g + h ◦ Φ) ≡⇛ (Ψ′ ◦ g + h ◦ Φ′)
is a homotopy of spark homotopies, showing that Ψ ◦ Φ ∼ Ψ′ ◦ Φ′.
It is clear that every 2-cell in SpCx is an isomorphism, and moreover:
3.3. Proposition. A spark homomorphism f : (F∗,E∗, I∗) // (F
∗
,E
∗
, I
∗
) induces a ho-
momorphism
f∗ : Ĥ(F
∗,E∗, I∗) // Ĥ(F
∗
,E
∗
, I
∗
), [a] 7→ [fa]
of the associated graded abelian groups of spark characters, and
f∗ = g∗
if there exists a spark homotopy Φ : f +3 g : (F∗,E∗, I∗) // (F
∗
,E
∗
, I
∗
).
Proof. f∗ is well-defined since a = db+ s for some b ∈ F
k−1, s ∈ Ik implies
fa = f(db+ s) = d(fb) + fs
with fs ∈ I
k
. If Φ : f +3 g is a spark homotopy, for any spark a ∈ F∗ with da = e − r,
e ∈ E∗, r ∈ I∗ one has
ga− fa = d(Φa) + Φ(da) = d(Φa) + Φe− Φr = d(Φa)− Φr,
then it follows from Φr ∈ I
∗
that [ga] = [fa]. Hence f∗ = g∗.
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Let AbZ denote the category of (Z-)graded abelian groups and their homomorphisms.
If one considers AbZ as a 2-category only equipped with trivial 2-cells, then Proposition
3.3 in fact defines a 2-functor
Char : SpCx //AbZ (3.iii)
that sends each spark homomorphism f : (F∗,E∗, I∗) // (F
∗
,E
∗
, I
∗
) to the homomorphism
f∗ : Ĥ(F
∗,E∗, I∗) // Ĥ(F
∗
,E
∗
, I
∗
)
of graded abelian groups, and sends each spark homotopy class [Φ] : f +3g to the identity
2-cell on f∗ = g∗.
4. Spark complexes on good atlases
The aim of this section is to construct a spark complex on every good atlas. Since we
work on orbifold atlases instead of orbifolds (i.e., equivalence classes of orbifold atlases),
tangent and cotangent bundles of orbifolds will not be necessary for our discussion.
Let U = {(U˜I , GI , πI) | I ∈ Fin(VU)} be a good atlas. Recall that a differential q-form
[29] on U˜I assigns to each x ∈ U˜I an alternating q-linear map on its tangent space TxU˜I ;
that is, a q-linear map aI : (TxU˜I)
q // R satisfying
aI(vσ(1), . . . , vσ(q)) = (sgn σ)aI(v1, . . . , vq)
for all v1, . . . , vq ∈ TxU˜I and permutations σ of the set {1, . . . , k}. Denoting by Ω
q(U˜I)
the set of differential q-forms on U˜I , a q-form [25] on the orbifold atlas U is a family
{aI ∈ Ω
q(U˜I) | I ∈ Fin(VU)}
of differential q-forms such that
(1) each aI is GI-invariant, and
(2) λ∗IJ(aJ ) = aI for any embedding λIJ : (U˜I , GI , πI)
// (U˜J , GJ , πJ), where λ
∗
IJ(aJ) is
the pullback4 of aJ along λIJ given by
λ∗IJ(aJ)(v1, . . . , vq) = aJ((λIJ)∗,xv1, . . . , (λIJ)∗,xvq)
for all x ∈ U˜I and v1, . . . , vq ∈ TxU˜I , and the linear map (λIJ)∗,x : TxU˜I // TλIJxU˜J
of tangent spaces is the differential of λIJ at x.
4The pullback of differential forms should be carefully distinguished from the same terminology in
category theory.
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We write Ω
q
(U) for the set of q-forms on U . Obviously, the exterior derivative d acts
on Ω
∗
(U), and the usual wedge product “∧” can be restricted to Ω
∗
(U). Thus, we obtain
a DGA (differential graded algebra)
(Ω
∗
(U), d,∧). (4.i)
Now we are ready to present the construction of a spark complex
SU = (F
∗
U ,E
∗
U , I
∗
U)
associated to the given good atlas U . Let
MFin(VU)
denote the free monoid on the set Fin(VU), whose elements are strings (or words)
I = I0 . . . Ip
consisting of elements of Fin(VU). For I, J ∈ MFin(VU), we write IJ for the string concate-
nation of I and J, i.e., the monoid multiplication of MFin(VU), whose unit is obviously
given by the empty string.
4.1. Remark. In order to facilitate our discussions below, we introduce here several
notations for each string I = I0 . . . Ip ∈ MFin(VU):
(1) ∪I := I0 ∪ · · · ∪ Ip ∈ Fin(VU) is the union of elements in I;
(2) Ikˆ := I0 . . . Iˆk . . . Ip := I0 . . . Ik−1Ik+1 . . . Ip refers to the removal of the (k + 1)th
element Ik of the string;
(3) Ij↔k (j 6= k) refers to the switching of the positions of Ij and Ik;
(4) Each map f˜ : Fin(VU) // Fin(VV) sends I to f˜I := (f˜ I0) . . . (f˜ Ip) ∈ MFin(VV);
(5) MFinp(VU) denotes the subset of MFin(VU) consisting of strings of length p + 1.
For each I ∈ MFin(VU), it is natural to define
(U˜I, GI, πI) := (U˜∪I, G∪I, π∪I) ∈ U , (4.ii)
although one has to be careful that different strings in MFin(VU) may correspond to the
same chart in U ; in particular, if I = I0 . . . Ip, then
U∪I = UI0 ∩ · · · ∩ UIp
is uniformized by (U˜I, GI, πI) (see Definition 2.5(4)). With
Ωq(U˜I)
GI := {aI ∈ Ω
q(U˜I) | aI is GI-invariant} ⊆ Ω
q(U˜I)
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denoting the set of GI-invariant differential q-forms on U˜I, we define
C
p
(U ,Ωq) :=
{
(aI) ∈
∏
I∈MFinp(VU )
Ωq(U˜I)
GI
∣∣∣ aI = −aIj↔k whenever 0 ≤ j, k ≤ p
}
(4.iii)
for all p, q ∈ Z≥0, and C
p
(U ,Ωq) = {0} otherwise. Then
C
∗
(U ,Ω∗) =
⊕
p,q∈Z
C
p
(U ,Ωq)
becomes a double complex (C
∗
(U ,Ω∗), d, δ) with d the exterior derivative on C
∗
(U ,Ω∗)
and
δ : C
p
(U ,Ωq) // C
p+1
(U ,Ωq)
a 7→ δa = ((δa)I)
(δa)I =
p+1∑
k=0
(−1)kaI
kˆ
∣∣
U˜I
.
(4.iv)
Indeed, the squares
C
p
(U ,Ωq) C
p+1
(U ,Ωq)
δ
//
C
p
(U ,Ωq+1)
OO
d
C
p+1
(U ,Ωq+1)
δ //
OO
d
. . . //
. . . //
. . .//
. . .//
...OO
...OO
...
OO
...
OO
are obviously commutative and, moreover, d2 = 0 and δ2 = 0.
4.2. Remark. The restriction aI
kˆ
∣∣
U˜I
= λ∗I,I
kˆ
(aI
kˆ
) given in (4.iv) is independent of the
choice of the embedding
λI,I
kˆ
: U˜I // U˜I
kˆ
since aI
kˆ
is GI
kˆ
-invariant (see Remark 2.2). For the same reason, in what follows we do
not specify the embeddings while taking restrictions of q-forms in C
p
(U ,Ωq).
Let (Tot(C
∗
(U ,Ω∗)), D) denote the total complex of C
∗
(U ,Ω∗)), with
Tot(C
∗
(U ,Ω∗))k =
⊕
p+q=k
C
p
(U ,Ωq)
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and
D = δ + (−1)pd (4.v)
on C
p
(U ,Ωq). Obviously,
(Ω
∗
(U), d) =
(
ker δ|
C
0
(U ,Ω∗)
, d
)
and (C
∗
(U ,Z), δ)
are both subcomplexes of (Tot(C
∗
(U ,Ω∗)), D). Therefore:
4.3. Theorem. For every good atlas U ,
SU = (F
∗
U ,E
∗
U , I
∗
U) := (Tot(C
∗
(U ,Ω∗)),Ω
∗
(U),C
∗
(U ,Z))
is a spark complex.
Proof. First, it is easy to see that E
∗
U ∩ I
∗
U = {0} for k > 0. Second, H
∗(F
∗
U , D)
∼=
H∗(E
∗
U , d) since the rows of the double complex C
∗
(U ,Ω∗) are exact by partition of unity
(see [3, Proposition 49]), which implies that H∗(F
∗
U , D) is isomorphic to the cohomology
of the initial column of the double complex C
∗
(U ,Ω∗) (see the argument below the proof
of [4, Proposition 8.8]). The conclusion thus follows.
5. 1-functoriality of spark complexes on good atlases
In this section, we show that the assignment U 7→ SU defined in Theorem 4.3 gives rise
to a contravariant functor from the category GOrbAtl of good atlases to the category
SpCx of spark complexes. The following lemma is useful for later calculations:
5.1. Lemma. Let f˜ : U // V be a compatible system and a ∈ C
p
(V,Ωq). Then
(f˜ ∗J (af˜J))|U˜I = f˜
∗
I (af˜J |V˜
f˜I
)
whenever J ⊆ I ∈ Fin(VU).
Proof. By Remark 4.2,
aJ |U˜I = λ
∗
IJ(aJ)
for any embedding λIJ : (U˜I , GI , πI) // (U˜J , GJ , πJ) of charts in U , whose existence is
guaranteed by J ⊆ I. Hence
(f˜ ∗J (af˜J))|U˜I = λ
∗
IJ f˜
∗
J (af˜J) = f˜
∗
I (f˜λIJ)
∗(af˜J) = f˜
∗
I (af˜J |V˜
f˜I
),
where the second equality follows from Eq. (2.iv) in Definition 2.7, and the third equality
holds since f˜λIJ : (V˜f˜ I , Hf˜ I , τf˜ I)
// (V˜f˜J , Hf˜J , τf˜J) is an embedding of charts in V.
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5.2. Proposition. Each compatible system f˜ : U // V induces a spark homomorphism
f˜ : SV // SU .
Proof. For every a ∈ C
p
(V,Ωq), define
f˜a ∈ C
p
(U ,Ωq) with (f˜a)I = f˜
∗
I (af˜I); (5.i)
that is, for every I = I0 . . . Ip ∈ MFin(VU), (f˜a)I is the pullback of af˜I = a(f˜ I0)...(f˜ Ip) (see
Remark 4.1(4)) along the lifting (cf. Eq. (2.iii))
f˜I := f˜∪I = f˜I0∪···∪Ip : U˜I // V˜f˜I = V˜(f˜ I0)∪···∪(f˜ Ip) = V˜f˜(∪I).
We show that f˜ : SV // SU is a spark homomorphism.
First, f˜ : Tot(C
∗
(V,Ω∗)) // Tot(C
∗
(U ,Ω∗)) is a cochain map. Since f˜ obviously
commutes with d, it suffices to show that f˜ commutes with δ. Indeed, for any a ∈
C
p
(V,Ωq) and I ∈ MFinp+1(VU),
(δf˜a)I =
p+1∑
k=0
(−1)k(f˜a)I
kˆ
∣∣
U˜I
(Eq. (4.iv))
=
p+1∑
k=0
(−1)k(f˜ ∗I
kˆ
(af˜I
kˆ
))
∣∣
U˜I
(Eq. (5.i))
=
p+1∑
k=0
(−1)kf˜ ∗I (af˜I
kˆ
∣∣
V˜
f˜I
) (Lemma 5.1)
= f˜ ∗I
( p+1∑
k=0
(−1)ka(f˜I)
kˆ
∣∣
V˜
f˜I
)
= f˜ ∗I (δa)f˜I (Eq. (4.iv))
= (f˜δa)I. (Eq. (5.i))
Second, f˜ clearly maps Ω
∗
(V) and C
∗
(V,Z) into Ω
∗
(U) and C
∗
(U ,Z), respectively.
Hence f˜ : SV // SU is a spark homomorphism.
5.3. Proposition. For compatible systems f˜ : U // V and g˜ : V //W,
g˜ ◦ f˜ = f˜ ◦ g˜ : SW // SU .
Proof. From Proposition 2.10 we see that the compatible system g˜ ◦ f˜ : U //W is given
by the composite functor g˜ ◦ f˜ : U //W and the family {(g˜ ◦ f˜)I = g˜f˜ I ◦ f˜I | I ∈ Fin(VU)}
of liftings. Hence, for any a ∈ C
p
(W,Ωq) and I ∈ MFinp(VU),
(g˜ ◦ f˜a)I = (g˜ ◦ f˜)
∗
I(ag˜f˜I) (Eq. (5.i))
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= (g˜f˜I ◦ f˜I)
∗(ag˜f˜I) (Eq. (2.vi))
= f˜ ∗I ◦ g˜
∗
f˜I
(ag˜f˜I)
= f˜ ∗I (g˜a)f˜I (Eq. (5.i))
= (f˜ ◦ g˜a)I, (Eq. (5.i))
which completes the proof.
As an immediate consequence of Propositions 5.2 and 5.3, we obtain a functor
S : GOrbAtlop // SpCx (5.ii)
at the level of 1-categories that sends each compatible system f˜ : U // V to the spark
homomorphism f˜ : SV // SU .
6. 2-functoriality of spark complexes on good atlases
The functor S obtained in the above section is in fact 2-functorial, whose mapping on
2-cells is given below:
6.1. Proposition. Each natural transformation α : f˜ 1 +3 f˜ 2 : U // V of compatible
systems induces a spark homotopy
α : f˜
1
+3 f˜
2
: SV // SU .
Proof. For brevity of notations, we write
Im := f˜mI and Im := Im0 . . . I
m
p = f˜
mI = (f˜mI0) . . . (f˜
mIp)
for all I ∈ Fin(VU), I = I0 . . . Ip ∈ MFin(VU) and m = 1, 2. We also refer to charts
(U˜I , GI , πI) ∈ U and (V˜K , HK , τK) ∈ V just as U˜I and V˜K , respectively.
By Definition 2.9, there is a family {αI : V˜I1 // V˜I2 | I ∈ MFin(VU)} of embeddings
in V satisfying
f˜ 2I = αI ◦ f˜
1
I (6.i)
for all I ∈ MFin(VU). In particular, for any I = I0 . . . Ip ∈ MFin
p(VU), one has VI1 ⊆ VI2
and, consequently, by Definition 2.5(4),
VI1 = VI1
0
...I1p
= VI1
0
...I1j I
1
j ...I
1
p
⊆ VI1
0
...I1j I
2
j ...I
2
p
⊆ VI2
0
...I2j I
2
j ...I
2
p
= VI2
0
...I2p
= VI2 (6.ii)
whenever 0 ≤ j ≤ p. Let us denote
I
1,2
j = I
1
0 . . . I
1
j I
2
j . . . I
2
p ∈ MFin
p+1(VU),
then (6.ii) guarantees the existence of embeddings
V˜I1 // V˜I1,2j
// V˜I2 (6.iii)
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in V by Definition 2.5(5). Now, for every a ∈ C
p
(V,Ωq), define
αa ∈ C
p−1
(U ,Ωq) with (αa)I =
p−1∑
j=0
(−1)j f˜ 1,∗I
(
a
I
1,2
j
∣∣
V˜
I1
)
. (6.iv)
We show that α defines a spark homotopy f˜
1
+3 f˜
2
.
First, D ◦ α + α ◦D = f˜
2
− f˜
1
. For any a ∈ C
p
(V,Ωq) and I = I0 . . . Ip ∈ MFin
p(VU),
denote
I
1,2
j,kˆ
:= I10 . . . I
1
j I
2
j . . . Iˆ
2
k . . . I
2
p ∈ MFin
p(VU) if 0 ≤ j ≤ k ≤ p, and
I
1,2
kˆ,j
:= I10 . . . Iˆ
1
k . . . I
1
j I
2
j . . . I
2
p ∈ MFin
p(VU) if 0 ≤ k ≤ j ≤ p.
Then
(δαa)I =
p∑
k=0
(−1)k(αa)I
kˆ
∣∣
U˜I
(Eq. (4.iv))
=
p∑
k=0
(−1)k
[ p−1∑
j=0
(−1)j f˜ 1,∗I
kˆ
(
a(I
kˆ
)1,2j
∣∣
V˜
I1
kˆ
)]∣∣∣
U˜I
(Eq. (6.iv))
=
p∑
k=0
(−1)kf˜ 1,∗
I
[ p−1∑
j=0
(−1)ja(I
kˆ
)1,2j
∣∣
V˜
I1
kˆ
∣∣
V˜
I1
]
(Lemma 5.1)
=
p∑
k=0
(−1)kf˜ 1,∗
I
[ p−1∑
j=0
(−1)ja(I
kˆ
)1,2j
∣∣
V˜
I1
]
(Remark 4.2)
=
p∑
k=0
(−1)kf˜ 1,∗
I
[ k−1∑
j=0
(−1)ja
I
1,2
j,kˆ
∣∣
V˜
I1
+
p∑
j=k+1
(−1)j+1a
I
1,2
kˆ,j
∣∣
V˜
I1
]
and
(αδa)I =
p∑
j=0
(−1)j f˜ 1,∗I
(
(δa)
I
1,2
j
∣∣
V˜
I1
)
(Eq. (6.iv))
=
p∑
j=0
(−1)j f˜ 1,∗I
[ p+1∑
k=0
(−1)ka(I1,2j )kˆ
∣∣
V˜
I
1,2
j
∣∣
V˜
I1
]
(Eq. (4.iv))
=
p∑
j=0
(−1)j f˜ 1,∗
I
[ p+1∑
k=0
(−1)ka(I1,2j )kˆ
∣∣
V˜
I1
]
(Remark 4.2)
=
p∑
j=0
(−1)j f˜ 1,∗
I
[ j∑
k=0
(−1)ka
I
1,2
kˆ,j
∣∣
V˜
I1
+
p∑
k=j
(−1)k+1a
I
1,2
j,kˆ
∣∣
V˜
I1
]
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=
p∑
k=0
(−1)kf˜ 1,∗I
[ k∑
j=0
(−1)j+1a
I
1,2
j,kˆ
∣∣
V˜
I1
+
p∑
j=k
(−1)ja
I
1,2
kˆ,j
∣∣
V˜
I1
]
,
where Remark 4.2 is applicable to the computations since one has the embeddings (6.iii).
Since obviously dαa = αda, it follows from (4.v) that
(Dαa)I + (αDa)I = (δαa)I + (αδa)I
=
p∑
k=0
f˜ 1,∗
I
(
a
I
1,2
kˆ,k
∣∣
V˜
I1
− a
I
1,2
k,kˆ
∣∣
V˜
I1
)
= f˜ 1,∗I (aI2
∣∣
V˜
I1
− aI1)
= f˜ 1,∗I α
∗
I(aI2)− f˜
1,∗
I (aI1) (Remark 4.2)
= f˜ 2,∗
I
(aI2)− f˜
1,∗
I
(aI1) (Eq. (6.i))
= (f˜
2
a)I − (f˜
1
a)I. (Eq. (5.i))
Second, it is clear that α = 0 on E
∗
V ⊆ C
0
(V,Ω∗) and α maps I
∗
V into I
∗
U . Hence,
α : f˜
1
+3 f˜
2
is a spark homotopy.
Moreover, S is compatible with vertical and horizontal compositions of 2-cells:
6.2. Proposition. Let f˜ 1
α
+3 f˜ 2
β
+3 f˜ 3 : U // V be natural transformations of com-
patible systems. Then there exists a homotopy
Γ : β + α ≡⇛ βα
of spark homotopies.
Proof. Following the notation scheme in the proof of Proposition 6.1, for I = I0 . . . Ip ∈
MFin
p(VU) we further denote
I
1,2,3
i,j = I
1
0 . . . I
1
i I
2
i . . . I
2
j I
3
j . . . I
3
p ∈ MFin
p+2(VU)
and I1,2,3
i,j,kˆ
, I1,2,3
i,kˆ,j
, I1,2,3
kˆ,i,j
for their obvious meanings. Similar to (6.iii) one has the embeddings
V˜I1 // V˜I1,2j
// V˜I2 // V˜I2,3j
// V˜I3 and V˜I1 // V˜I1,2,3i,j
// V˜I3
in V. For every a ∈ C
p
(V,Ωq), define
Γa ∈ C
p−2
(U ,Ωq) with (Γa)I =
∑
0≤i≤j≤p−2
(−1)i+j f˜ 1,∗
I
(
a
I
1,2,3
i,j
∣∣
V˜
I1
)
. (6.v)
We show that Γ defines a homotopy β + α ≡⇛ βα of spark homotopies.
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First, D ◦ Γ− Γ ◦D = βα− (β + α). Since obviously dΓ = Γd, by (4.v) it suffices to
prove
δ ◦ Γ− Γ ◦ δ = βα− (β + α).
For any a ∈ C
p
(V,Ωq) and I ∈ MFinp−1(VU), similar to the computations for δα and αδ
in the proof of Proposition 6.1 one has
(δΓa)I =
p−1∑
k=0
(−1)kf˜ 1,∗I
[ ∑
0≤i≤j≤p−2
(−1)i+ja(I
kˆ
)1,2,3i,j
∣∣
V˜
I1
]
=
∑
0≤i≤j<k≤p−1
(−1)i+j+kf˜ 1,∗
I
(a
I
1,2,3
i,j,kˆ
∣∣
V˜
I1
) +
∑
0≤i<k<j≤p−1
(−1)i+j+k+1f˜ 1,∗
I
(a
I
1,2,3
i,kˆ,j
∣∣
V˜
I1
)
+
∑
0≤k<i≤j≤p−1
(−1)i+j+kf˜ 1,∗
I
(a
I
1,2,3
kˆ,i,j
∣∣
V˜
I1
)
and
(Γδa)I =
∑
0≤i≤j≤p−1
(−1)i+j f˜ 1,∗
I
[ p+1∑
k=0
(−1)ka(I1,2,3i,j )kˆ
∣∣
V˜
I1
]
=
∑
0≤k≤i≤j≤p−1
(−1)i+j+kf˜ 1,∗I (aI1,2,3
kˆ,i,j
∣∣
V˜
I1
) +
∑
0≤i≤k≤j≤p−1
(−1)i+j+k+1f˜ 1,∗I (aI1,2,3
i,kˆ,j
∣∣
V˜
I1
)
+
∑
0≤i≤j≤k≤p−1
(−1)i+j+kf˜ 1,∗I (aI1,2,3
i,j,kˆ
∣∣
V˜
I1
).
Note also that
I
1,2,3
i,j,jˆ
= I1,2,3
i,ĵ+1,j+1
if 0 ≤ i ≤ j ≤ p− 2, I1,2,3
iˆ,i,j
= I1,2,3
i−1,̂i−1,j
if 1 ≤ i ≤ j ≤ p− 1
and, by (6.i),
f˜ 1,∗
I
(a
I
2,3
j
∣∣
V˜
I1
) = f˜ 1,∗
I
α∗Iλ
∗
I2,I
2,3
j
(a
I
2,3
j
) = f˜ 2,∗
I
(a
I
2,3
j
∣∣
V˜
I2
).
Thus
(δΓa)I − (Γδa)I
=
∑
0≤i≤j≤p−1
(−1)i+1f˜ 1,∗
I
(a
I
1,2,3
i,j,jˆ
∣∣
V˜
I1
) +
∑
0≤i≤j≤p−1
(−1)j+1f˜ 1,∗
I
(a
I
1,2,3
iˆ,i,j
∣∣
V˜
I1
)
+
∑
0≤i≤j≤p−1
(−1)j f˜ 1,∗I (aI1,2,3
i,ˆi,j
∣∣
V˜
I1
) +
∑
0≤i<j≤p−1
(−1)if˜ 1,∗I (aI1,2,3
i,jˆ,j
∣∣
V˜
I1
)
=
p−1∑
i=0
(−1)i+1f˜ 1,∗I (aI1,2,3
i,p−1,p̂−1
∣∣
V˜
I1
) +
p−1∑
j=0
(−1)j+1f˜ 1,∗I (aI1,2,3
0ˆ,0,j
∣∣
V˜
I1
) +
p−1∑
j=0
(−1)j f˜ 1,∗I (aI1,2,3
j,jˆ,j
∣∣
V˜
I1
)
=
p−1∑
i=0
(−1)i+1f˜ 1,∗I (aI1,2i
∣∣
V˜
I1
) +
p−1∑
j=0
(−1)j+1f˜ 1,∗I (aI2,3j
∣∣
V˜
I1
) +
p−1∑
j=0
(−1)j f˜ 1,∗I (aI1,3j
∣∣
V˜
I1
)
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=
p−1∑
i=0
(−1)i+1f˜ 1,∗
I
(a
I
1,2
i
∣∣
V˜
I1
) +
p−1∑
j=0
(−1)j+1f˜ 2,∗
I
(a
I
2,3
j
∣∣
V˜
I2
) +
p−1∑
j=0
(−1)j f˜ 1,∗
I
(a
I
1,3
j
∣∣
V˜
I1
)
= (βαa)I − ((βa)I + (αa)I).
Second, it is clear that Γ = 0 on E
∗
V ⊆ C
0
(V,Ω∗) and Γ maps I
∗
V into I
∗
U . Hence,
Γ : β + α ≡⇛ βα is a homotopy of spark homotopies.
6.3. Proposition. Let α : f˜ 1 +3 f˜ 2 : U // V and β : g˜1 +3 g˜2 : V //W be natural
transformations of compatible systems. Then there exists a homotopy
Γ : (α ◦ g˜1 + f˜
2
◦ β) ≡⇛ β ◦ α
of spark homotopies.
Proof. Based on the notations introduced in the proofs of Propositions 6.1 and 6.2, we
write
Imn := g˜nIm = g˜nf˜mI,
I
mn,m′n′
i := I
mn
0 . . . I
mn
i I
m′n′
i . . . I
m′n′
p ,
I
mn,m′n′,m′′n′′
i,j := I
mn
0 . . . I
mn
i I
m′n′
i . . . I
m′n′
j I
m′′n′′
j . . . I
m′′n′′
p
for I = I0 . . . Ip ∈ MFin
p(VU) andm,m
′, m′′, n, n′, n′′ = 1, 2, and Imn,m
′n′,m′′n′′
i,j,kˆ
, Imn,m
′n′,m′′n′′
i,kˆ,j
,
I
mn,m′n′,m′′n′′
kˆ,i,j
for their obvious meanings. For every a ∈ C
p
(W,Ωq), define
Ξa ∈ C
p−2
(U ,Ωq) with (Ξa)I =
∑
0≤i≤j≤p−2
(−1)i+j(g˜1f˜ 1)∗I
(
a
I
11,21,22
i,j
∣∣
W˜
I11
)
. (6.vi)
Similar to the proof of Proposition 6.2, the only non-trivial part for exhibiting Ξ : (α ◦
g˜1 + f˜
2
◦ β) ≡⇛ β ◦ α as a homotopy of spark homotopies is to show that
δ ◦ Ξ− Ξ ◦ δ = β ◦ α− (α ◦ g˜1 + f˜
2
◦ β).
Indeed, for any a ∈ C
p
(W,Ωq) and I ∈ MFinp−1(VU), one may proceed as in Proposition
6.2 to verify that
(δΞa)I − (Ξδa)I =
p−1∑
i=0
(−1)i+1(g˜1f˜ 1)∗I(aI11,21,22
i,p−1,p̂−1
∣∣
W˜
I11
) +
p−1∑
j=0
(−1)j+1(g˜1f˜ 1)∗I(aI11,21,22
0ˆ,0,j
∣∣
W˜
I11
)
+
p−1∑
j=0
(−1)j(g˜1f˜ 1)∗I(aI11,21,22
j,jˆ,j
∣∣
W˜
I11
)
=
p−1∑
i=0
(−1)i+1(g˜1f˜ 1)∗I(aI11,21i
∣∣
W˜
I11
) +
p−1∑
j=0
(−1)j+1(g˜1f˜ 1)∗I(aI21,22j
∣∣
W˜
I11
)
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+
p−1∑
j=0
(−1)j(g˜1f˜ 1)∗I(aI11,22j
∣∣
W˜
I11
).
Since
(β ◦ αa)I =
p−1∑
j=0
(−1)j(g˜1f˜ 1)∗I(aI11,22j
∣∣
W˜
I11
), (Eq. (6.iv))
(α ◦ g˜1a)I =
p−1∑
i=0
(−1)if˜ 1,∗
I
((g˜1a)
I
1,2
i
∣∣
V˜
I1
) (Eq. (6.iv))
=
p−1∑
i=0
(−1)if˜ 1,∗I
(
g˜1,∗
I
1,2
i
(a
I
11,21
i
)
∣∣∣
V˜
I1
)
(Eq. (5.i))
=
p−1∑
i=0
(−1)i(g˜1f˜ 1)∗I(aI11,21i
∣∣
W˜
I11
) (Lemma 5.1)
and
(f˜
2
◦ βa)I) = f˜
2,∗
I ((βa)I2) (Eq. (5.i))
=
p−1∑
j=0
(−1)j f˜ 2,∗I g˜
1,∗
I2
(
a
I
21,22
j
∣∣
W˜
I21
)
(Eq. (6.iv))
=
p−1∑
j=0
(−1)j f˜ 1,∗
I
α∗I g˜
1,∗
I2
(
a
I
21,22
j
∣∣
W˜
I21
)
(Eq. (6.i))
=
p−1∑
j=0
(−1)j f˜ 1,∗
I
g˜1,∗
I1
(g˜1αI)
∗
(
a
I
21,22
j
∣∣
W˜
I21
)
(Eq. (2.iv))
=
p−1∑
j=0
(−1)j(g˜1f˜ 1)∗I(g˜
1αI)
∗
(
a
I
21,22
j
∣∣
W˜
I21
)
(Eq. (2.vi))
=
p−1∑
j=0
(−1)j(g˜1f˜ 1)∗I(aI21,22j
∣∣
W˜
I11
), (Remark 4.2)
it follows that (δΞa)I − (Ξδa)I = (β ◦ αa)I − ((α ◦ g˜
1a)I + (f˜
2
◦ βa)I), which completes
the proof.
Therefore we have proved:
6.4. Theorem. S : GOrbAtlop // SpCx is a 2-functor that sends
(1) each good atlas U to the spark complex
SU = (F
∗
U ,E
∗
U , I
∗
U) := (Tot(C
∗
(U ,Ω∗)),Ω
∗
(U),C
∗
(U ,Z)),
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(2) each compatible system f˜ : U // V to the spark homomorphism
f˜ : SV // SU ,
(3) each natural transformation α : f˜ 1 +3 f˜ 2 : U // V of compatible systems to the
spark homotopy class
[α] : f˜
1
+3 f˜
2
: SV // SU .
7. Spark characters on good atlases as graded rings
Composing the 2-functor S (see Theorem 6.4) with the 2-functor Char : SpCx //AbZ
(see (3.iii)) gives rise to the spark character 2-functor
Ĥ : GOrbAtlop //AbZ
on good atlases as described below:
7.1. Theorem. Ĥ : GOrbAtlop //AbZ is a 2-functor that sends
(1) each good atlas U to the graded abelian group
Ĥ
∗
(U) := Ĥ(F
∗
U ,E
∗
U , I
∗
U)
of spark characters on U ,
(2) each compatible system f˜ : U // V to the homomorphism
f˜
∗
: Ĥ
∗
(V) // Ĥ
∗
(U)
of graded abelian groups,
(3) each natural transformation α : f˜ 1 +3 f˜ 2 : U // V of compatible systems to the
identity 2-cell on f˜
1,∗
= f˜
2,∗
.
Moreover, the diagram
GOrbAtlop SpCx
S //
AbZ
Ĥ
))❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
Char

is commutative.
The set Ĥ
∗
(U) of spark characters on a good atlas U carries more structures than a
graded abelian group; in fact, it is a graded commutative ring. To see this, first note that
there is a cup product ∪ defined on F
∗
U = Tot(C
∗
(U ,Ω∗)) with
(a ∪ b)I := (−1)
jnaI≤m |U˜I ∧ bI≥m |U˜I ∈ C
m+n
(U ,Ωj+k) (7.i)
for all a ∈ C
m
(U ,Ωj), b ∈ C
n
(U ,Ωk), I = I0 . . . Im+n ∈ MFin
m+n(VU), where
I≤m = I0 . . . Im and I≥m = Im . . . Im+n :
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7.2. Proposition. The cup product ∪ on (F
∗
U , D) is well-defined, associative and satisfies
the Leibniz rule, i.e.,
D(a ∪ b) = Da ∪ b+ (−1)j+ma ∪Db (7.ii)
for all a ∈ C
m
(U ,Ωj), b ∈ C
n
(U ,Ωk). Moreover, ∪ induces the wedge product on E
∗
U and
the multiplication of numbers on I
∗
U .
The ring structure on Ĥ
∗
(U) is then induced by the cup product ∪ on (F
∗
U , D):
7.3. Proposition. Ĥ
∗
(U) is a graded commutative ring, in which the product is given
by
[a]⋆ [b] = (−1)(k+1)(l+1)[b]⋆ [a] = [a∪ c+(−1)k+1r∪ b] = [a∪s+(−1)k+1e∪ b] ∈ Ĥ
k+l+1
(U)
for all [a] ∈ Ĥ
k
(U) with Da = e− r and [b] ∈ Ĥ
l
(U) with Db = c− s.
The proofs of Propositions 7.2 and 7.3 are similar to [9, Lemma 3.8] and [9, Theorem
3.11], respectively; so, the details are left to the readers.
The homomorphism f˜
∗
: Ĥ
∗
(V) // Ĥ
∗
(U) given in Theorem 7.1(2) is actually a
homomorphism of graded commutative rings:
7.4. Proposition. Each compatible system f˜ : U // V induces a homomorphism
f˜
∗
: Ĥ
∗
(V) // Ĥ
∗
(U)
of graded commutative rings.
Proof. It suffices to show that the spark homomorphism f˜ : SV // SU obtained in
Proposition 5.2 preserves the cup products in F
∗
V given by (7.i). Indeed, for any a ∈
C
m
(V,Ωj), b ∈ C
n
(V,Ωk) and I = I0 . . . Im+n ∈ MFin
m+n(VU),
(f˜a ∪ f˜ b)I = (−1)
jn(f˜a)I≤m |U˜I ∧ (f˜ b)I≥m |U˜I (Eq. (7.i))
= (−1)jnf˜ ∗I≤m(af˜I≤m)|U˜I ∧ f˜
∗
I≥m
(bf˜I≥m)|U˜I (Eq. (5.i))
= (−1)jnf˜ ∗I (af˜I≤m |V˜f˜I
) ∧ f˜ ∗I (bf˜I≥m|V˜f˜I
) (Lemma 5.1)
= f˜ ∗I ((−1)
jnaf˜I≤m |V˜f˜I
∧ bf˜I≥m|V˜f˜I
)
= f˜ ∗I ((a ∪ b)f˜I) (Eq. (7.i))
= (f˜(a ∪ b))I, (Eq. (5.i))
as desired.
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Let GCRng denote the category of (Z-)graded commutative rings and their homo-
morphisms, also considered as a 2-category only equipped with trivial 2-cells. Then, with
Proposition 7.4 one may enhance Theorem 7.1 to the following:
7.5. Theorem. Ĥ : GOrbAtlop //GCRng is a 2-functor that sends
(1) each good atlas U to the graded commutative ring
Ĥ
∗
(U) := Ĥ(F
∗
U ,E
∗
U , I
∗
U)
of spark characters on U ,
(2) each compatible system f˜ : U // V to the homomorphism
f˜
∗
: Ĥ
∗
(V) // Ĥ
∗
(U)
of graded commutative rings,
(3) each natural transformation α : f˜ 1 +3 f˜ 2 : U // V of compatible systems to the
identity 2-cell on f˜
1,∗
= f˜
2,∗
.
A. Appendix: a different spark complex on a good atlas
Given a good atlas U = {(U˜I , GI , πI) | I ∈ Fin(VU)}, a different spark complex can be
constructed on U as considered in [9]. Explicitly, let
M(VU)
denote the free monoid on the set VU , whose elements are strings
I = i0 . . . ip
consisting of elements of VU . Then, since M(VU) can be embedded into MFin(VU) in the
obvious way as a submonoid, using the same notation scheme as in Remark 4.1(2)–(5)
one may define
C
p(U ,Ωq) :=
{
(aI) ∈
∏
I∈Mp(VU )
Ωq(U˜I)
GI
∣∣∣ aI = −aIj↔k whenever 0 ≤ j, k ≤ p
}
,
which gives rise to a spark complex [9]
SU = (F
∗
U ,E
∗
U , I
∗
U) := (Tot(C
∗(U ,Ω∗)),Ω∗(U),C∗(U ,Z)) (A.i)
in the same way as the construction of SU in Theorem 4.3. In particular, Ω
q(U) consists
of families
{ai ∈ Ω
q(U˜i) | i ∈ VU}
of differential q-forms such that
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(1) each ai is Gi-invariant, and
(2) if Ui ∩ Uj 6= ∅ and there exist embeddings
(U˜i, Gi, πi) oo
λi
(U˜ij , Gij, πij)
λj
// (U˜j , Gj, πj),
then λ∗i (ai) = λ
∗
j(aj).
Recall that a spark homomorphism f : (F∗,E∗, I∗) // (F
∗
,E
∗
, I
∗
) of spark complexes is
a quasi-isomorphism [12] if
(1) f is injective,
(2) f |I∗ induces an isomorphism H
∗(I∗) ∼= H∗(I
∗
), and
(3) f |E∗ is an isomorphism
5.
In what follows we show that SU and SU are quasi-isomorphic spark complexes. Indeed,
every map
ϕ : Fin(VU) // VU with ϕI ∈ I
gives rise to a quasi-isomorphism ϕ : SU // SU by extending each a ∈ C
p(U ,Ωq) to
ϕa ∈ C
p
(U ,Ωq) with
(ϕa)I = aϕI|U˜I (A.ii)
for all I = I0 . . . Ip ∈ MFin
p(VU), where ϕI := (ϕI0) . . . (ϕIp) and, obviously, ϕa is inde-
pendent of the choice of the embedding λI,ϕI : (U˜I, GI, πI) // (U˜ϕI, GϕI, πϕI) by Remark
4.2:
A.1. Proposition. ϕ : SU // SU is a quasi-isomorphism of spark complexes.
Proof. First, ϕ : F∗U
// F
∗
U is an injective cochain map. Let D denote the differential on
Tot(C∗(U ,Ω∗)). Then for all a ∈ Cp(U ,Ωq) and I ∈ MFinp+1(VU),
(D ◦ ϕa)I =
p+1∑
k=0
(−1)k(ϕa)I
kˆ
∣∣
U˜I
+ (−1)p(dϕa)I (Eq. (4.iv) & (4.v))
=
p+1∑
k=0
(−1)kaϕI
kˆ
∣∣
U˜I
kˆ
∣∣
U˜I
+ (−1)p(daϕI|U˜I) (Eq. (A.ii))
=
p+1∑
k=0
(−1)ka(ϕI)
kˆ
∣∣
U˜I
+ (−1)p(daϕI|U˜I) (Remark 4.2)
=
p+1∑
k=0
(−1)ka(ϕI)
kˆ
∣∣
U˜ϕI
∣∣
U˜I
+ (−1)p(da)ϕI
∣∣
U˜I
(Remark 4.2)
5Our definition of quasi-isomorphisms here deviates a little bit from [12], where f |E∗ is required to be
an identity map. The prototype of this notion comes from subspark complexes defined in [14].
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= (ϕ ◦Da)I, (Eq. (4.iv), (4.v) & (A.ii))
and the injectivity of ϕ is obvious.
Second, ϕ|I∗ induces an isomorphism H
∗(I∗) ∼= H∗(I
∗
). Since {Ui | i ∈ VU} and
{UI | I ∈ Fin(VU)} are both good covers of X , it follows from Leray’s theorem for sheaf
cohomology (see [5, Theorem III.4.13]) that
H∗(C∗(U ,Z)) ∼= Hˇ∗({Ui | i ∈ VU};Z) ∼= H
∗(X ;Z)
∼= Hˇ∗({UI | I ∈ Fin(VU)};Z) ∼= H
∗(C
∗
(U ,Z)).
Hence, ϕ|I∗ : H
∗(C∗(U ,Z)) ∼= H∗(C
∗
(U ,Z)) follows from the general construction of the
Cˇech cohomology (see [30, Chapter 5]).
Finally, ϕ|E∗ is an isomorphism. Note that every {ai ∈ Ω
q(U˜i) | i ∈ VU} ∈ Ω
q(U)
uniquely extends to a q-form ϕa ∈ Ω
q
(U) with
(ϕa)I = aϕI |U˜I
for all I ∈ Fin(VU), which is independent of choices of the map ϕ by the definition of
Ωq(U). Hence, ϕ|E∗ : Ω
∗(U) // Ω
∗
(U) is an isomorphism.
Proposition A.1 in conjunction with the following lemma, which can be proved simi-
larly to [12, Proposition 2.2.3], shows that the graded abelian group
Ĥ∗(U) := Ĥ(F∗U ,E
∗
U , I
∗
U)
of spark characters of the spark complex SU is isomorphic to Ĥ
∗
(U) (cf. Proposition 3.3):
A.2. Lemma. [12] A quasi-isomorphism f : (F∗,E∗, I∗) // (F
∗
,E
∗
, I
∗
) of spark complexes
induces an isomorphism
f∗ : Ĥ(F
∗,E∗, I∗) ∼= Ĥ(F
∗
,E
∗
, I
∗
), [a] 7→ [fa]
of the associated graded abelian groups of spark characters.
Furthermore, similar to Proposition 7.3 one may define a ring structure on Ĥ∗(U),
and the isomorphism
Ĥ∗(U) ∼= Ĥ
∗
(U)
is in fact a ring isomorphism:
A.3. Proposition. ϕ∗ : Ĥ
∗(U) // Ĥ
∗
(U) is an isomorphism of graded commutative
rings.
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Proof. It suffices to prove that ϕ preserves the cup products on F∗U , also defined by (7.i).
Indeed, for any a ∈ Cm(V,Ωj), b ∈ Cn(V,Ωk) and I = I0 . . . Im+n ∈ MFin
m+n(VU),
(ϕa ∪ ϕb)I = (−1)
jn(ϕa)I≤m|U˜I ∧ (ϕb)I≥m |U˜I (Eq. (7.i))
= (−1)jnaϕI≤m
∣∣
U˜I≤m
∣∣
U˜I
∧ bϕI≥m
∣∣
U˜I≥m
∣∣
U˜I
(Eq. (A.ii))
= (−1)jna(ϕI)≤m
∣∣
U˜I
∧ b(ϕI)≥m
∣∣
U˜I
(Remark 4.2)
= (−1)jna(ϕI)≤m
∣∣
U˜ϕI
∣∣
U˜I
∧ b(ϕI)≥m
∣∣
U˜ϕI
∣∣
U˜I
(Remark 4.2)
= (ϕ(a ∪ b))I, (Eq. (7.i) & (A.ii))
which completes the proof.
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